Abstract. Let f : X → M be a continuous map of metric spaces. We say that points in a subset N of X are f -neighbors if there exists a sphere SR of radius R ≥ 0 in M such that f (N ) lies on SR and there are no points of f (X) inside of SR. We prove that if X is a unit sphere of any dimension and M is contractible then there are two f -neighbors in X such that the distance between them is greater than one. This theorem can be derived from the fact that for every non-null-homotopic closed covering C of X there is a set of f -neighbors N in X such that every member of C contains a point of N .
Main theorems
The Borsuk-Ulam theorem says that for any positive integer n and for every continuous map f : S n → R n from the Euclidean unit n-sphere S n into Euclidean n-space R n , there are two antipodal points p and q in S n with f (p) = f (q). For the case f : S n → R m with m > n, the statement of the Borsuk-Ulam theorem obviously fails. Here, we extend the Borsuk-Ulam theorem in the following way. Theorem 1. Let M be a contractible metric space and let f : S n → M be a continuous map. Then there are two points p and q in S n and a sphere S R of radius R ≥ 0 in M such that the Euclidean distance p − q between p and q is at least n+2 n , both f (p) and f (q) lie on S R , and no points of f (S n ) lie inside of S R (in the case R = 0, this means that f (p) = f (q)). Now, we give the definition of f -neighbors in the general case. Definition 1. Let X be a topological space and Y be a metric space. Let f : X → Y be a continuous map. We say that points p 1 , . . . , p m in X are fneighbors if either f (p 1 ) = . . . = f (p m ) or there exists a sphere S R of radius R in Y such that f (p 1 ), . . ., f (p m ) lie on S R and there are no points of f (X) inside of S R .
Under this terminology, Theorem 1 says that there are f -neighbors p and q in S n with
We derive Theorem 1 from a more general statement about f -neighbors and covers. Now, we recall the concept of non-null-homotopic covers, which was introduced in [10, 11] .
Let X be a normal topological space and let U = {U 1 , . . . , U n } be an open cover of X. Let Φ = {ϕ 1 , . . . , ϕ n } be a partition of unity subordinate to U . Let v 1 , . . . , v n be the vertices of the (n − 1)-dimensional unit simplex ∆ n−1 , where
We set
Suppose the intersection n i=1 U i is empty. Then h U ,Φ is a continuous map from X to S n−2 . In [10, Lemmas 2.1 and 2.2], we proved that the homotopy class
Definition 2. We say that an open cover
In fact, the homotopy classes of covers are also well defined for closed sets. Indeed, suppose that C = {C 1 , . . . , C n } is a closed cover of X and let S = {S 1 , . . . , S n } and U = {U 1 , . . . , U n } be a pair of open covers of X such that the intersection of all S i is empty, the intersection of all U i is empty, S i contains C i for all i, and U i contains C i for all i. If S is null-homotopic, then the open cover {S 1 ∩ U 1 , . . . , S n ∩ U n } is null-homotopic, whence it follows that U is also null-homotopic.
Definition 3.
A closed cover C = {C 1 , . . . , C n } of X is said to be non-nullhomotopic if there exists a non-null-homotopic open cover S = {S 1 , . . . , S n } of X such that S i contains T i for all i.
Theorem 2. Let X be a normal topological space and M be a contractible metric space. Let C := {C 1 , . . . , C m } be a non-null-homotopic closed cover of X. Then for every continuous map f : X → M there exist (not necessarily distinct) points p 1 , . . . , p m with p i ∈ C i for all i = 1, . . . , m such that they are f -neighbors.
We will use the following notation:
Corollary 1. Let M be a contractible metric space and let f : ∂∆ n−1 → M be a continuous map. Then there exist (not necessarily distinct) points p 1 , . . . , p n with p i ∈ ∆ i for all i ∈ {1, . . . , n} such that they are f -neighbors. 
Proof of Theorems
Proof of Theorem 2. Let d denote the metric in M . If x is a point and A is a subset in M , then
For each j ∈ {1, . . . , m}, we set
Observe that S j is closed and contains f (C j ). The set S := {S 1 , . . . , S m } is a closed cover of M . Consider the following pair of nested cones of X:
and
is a closed cover of Cone(X), while the set
We identify X with X × {2} and obtain the following:
For each j ∈ {1, . . . , m}, we have D j ∩ (X × {2}) = C j . This means that D is an extension of C in the sense of [10, 11] . Since X = X ×{2} has a null-homotopic closed cover of m elements while X × {2} is null-homotopic in Cone 2 (X), it follows that the pair (X = X × {2}, Cone 2 (X)) is in EP m−2 (see Theorem 2.3 in [10] ). This implies that all of the D j 's have a common intersection point (see Theorem 3.1 in [10] ). Since F −1 (S j ) contains C j × {1}, it follows that all of the F −1 (S j )'s have a common intersection point. This readily implies that all the S j 's have a common intersection point w. We have two possibilities: 1) w is in f (X); 2) w is not in f (X). If w is in f (X), then for all j ∈ {1, . . . , m} we have
This means that each C j contains a point of f −1 (w). For each j, we chose as p j a point in f −1 (w). This proves the theorem.
If w is not in f (X), then for all j ∈ {1, . . . , m} we have
which means that the ball B R (w) of radius R centred at w meets all of the f (C j )'s while the interior of B R (w) does not meet f (X). The proof is complete by taking p j in the set
Proof of Corollary 2. We set
and observe that there exists a homeomorphism
• h(∆ m+1 ) = P . This means that {σ 1 , . . . , σ m , P } is a non-null-homotopic closed cover of ∂[0, 1] m . Then Theorem 2 implies that there are points p 1 , . . . , p m , p m+1 with p i ∈ σ i for all i = 1, . . . , m and p m+1 ∈ P such that they are f -neighbors. We observe that there exists j such that p m+1 ∈ σ ′ j . Then p j and p m+1 do satisfy the requirement of the theorem.
Proof of Theorem 1. Consider a spherical version of Corollary 1. Let T be a regular triangulation of the unit sphere S n and∆ i , i = 1, . . . , n + 2, be the nsimplices of T , where all of∆ i are regular spherical simplices with Euclidean distances between vertices (1) d n,Eu = 2(n + 2) n + 1 and angular edge length (2) d n,A = 2 arcsin n + 2 2(n + 1)
.
If we have a continuous map f : S n → M , then Corollary 1 implies that there are points p 1 , . . . , p n+2 with p i ∈∆ i for all i ∈ {1, . . . , n + 2} such that they are f -neighbors. We need to prove that there are i and j in {1, . . . , n + 2} such that
Suppose to the contrary that
where diam Eu stands for the Euclidean diameter. The situation splits in two cases: n = 1 and n ≥ 2. The case n = 1 is easy; the assertion follows from elementary argument. In what follows, we assume that n ≥ 2. In this case, we will show that assumption (3) leads to contradiction using Dekster's extension [2] of the Jung Theorem.
In order to apply results of [2] , we recall that the circumradius of a compact set Q in a metric space is defined as the radius of a least metric ball containing Q. If Q is a compact subset of S n , we denote by circ A (Q) the circumradius of Q with respect to the angular metric. Then Dekster's extension [2] of the Jung Theorem says that for any compact subset Q of S n we have
where diam A stands for the angular diameter. In the case n ≥ 2, our assumption (3) implies that
which means that {p 1 , . . . , p n+2 } lies in a hemisphere and, moreover,
We observe that (4), (5), and (3) yield
This means that {p 1 , . . . , p n+2 } lies in a metric ball (shapochka) B ⊂ S n with angular radius less than half the angular length d n,A of an edge of T (see (1), (2)).
(In other words, the diameter of B is less than the distance between vertices of T .) Then there exists k ∈ {1, . . . , n + 2} such that∆ k does not meet B. Indeed, let T a denote the triangulation of S n antipodal with respect to T , and let∆ a i , i = 1, . . . , n + 2, denote the regular spherical simplex antipodal to∆ i . Then there exists k ∈ {1, . . . , n + 2} such that∆ a k contains the center of B. It can be easily checked that the Hausdorff distance between∆ a k and∆ k , with respect to the angular metric, is half the angular length of an edge of T (d n,A /2). This implies that∆ k does not meet B, as required. Then, since B contains p k , it follows that ∆ k does not contain p k . This contradiction completes the proof.
Concluding remarks
Now, we discuss several concepts and open questions:
(1) A well-known extension of the Borsuk-Ulam theorem is the Hopf theorem, which states that if X is a compact Riemannian manifold of dimension n and f : X → R n is a continuous map, then for any prescribed δ > 0, there exists a pair x, y ∈ X such that f (x) = f (y) and the points x and y are connected by a geodesic of length δ. In particular, if X = S n , then for any δ ∈ [0, 2] there exists points x and y in S n with f (x) = f (y) and with Euclidean distance δ between x and y. The Hopf theorem and Theorem 1 yield the following question:
Is it true that, under the assumptions of Theorem 1, for any δ ∈ 0, n+2 n , S n contains f -neighbors p and q with distance δ between them? (2) Find extensions of Corollary 2 to other polyhedra. (3) Let (X, ρ) and (M, d) be metric spaces and f : X → M be a continuous map. Let P f be the set of all pairs (x, y) of points in X such that x and y are f -neighbors. We set
where C(X, M ) stands for continuous maps. Suppose X = S n and M = R m . If m ≤ n then by the Borsuk-Ulam theorem there is x ∈ S n such that f (x) = f (−x). Hence µ(S n , R m ) = 2. For n < m, Theorem 1 implies that
There is an example showing that
It is an interesting problem to find µ(X, M ) and its lower bounds in general and some special cases. In particular, it would be interesting to find µ(S n , R n+1 ). (4) How to find D f and µ, for instance, for the case where M = R n and X is an n-dimensional Riemannian manifold?
. It is an interesting problem what is min-max distance between the points p i in Theorem 1? (6) Similarly to µ(X, M ), we consider suprema of D f over families of homotopic maps, over all continuous maps of a given space to certain classes of spaces (e. g., contractible spaces), etc. This generates a series of new metric "µ-invariants" of maps and metric spaces. This µ-invariants are similar to such invariants as distortion, filling radius, various widths, etc. (see [13, 4, 5, 3, 12, 6] ). It is an interesting problem to find and describe relations between µ-invariants and classical ones. If Y is a metric space, we say that a and b in X are visual f -neighbors if f (a) and f (b) are connected by a geodesic, in Y , whose interior does not meet f (X). It is interesting to translate the above constructions and questions to these new types of f -neighbors. (8) A combinatorial analog of Theorem 1, for the case of plane curves and knot diagrams, is considered in [7] . This analog has an application in knot theory and is proved via the topological Helly theorem (see [1, 9] ).
